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1 Introduction

The aim of the report is to present hybrid method that combine finite element method and mode
matching method. In this report to solve the problem the Z matrix is used. Using this approach the
far field can be obtained as well as the near field and no open space boundary conditions are needed.
The scattering problem is defined in two dimensions. The structure is homogeneous in the direction of
the z axis and there is no field variation in this direction. The structure is excite with T'M field which
means that:

H, =0 (1)
H,=0 (2)
E, =0 (3)

2 Scattering of electromagnetic field on a dielectric rod of cylindrical
cross-section

The dielectric rod is placed coaxially to the z axis. In this case the computational domain is divided

into two regions (Fig. 1). The first region is a vacuum and the second is a dielectric. The FE, field

gives precise information about the fields in these two regions and fulfills the Helmholtz equation. The
excitation can be defined as:

incident wave

Figure 1: The considered structure (dielectric rod of circular cross section)

M

Ei: Z Cme(’flp)ejmd) (4)
m=—M

where k; = wy/11;€;- The scattered field can be expressed:

M
Br= Y anH®(ap)em? ®)
m=—M
The electric fields inside and outside the rod can be then written as

M

B = 3" (emdm(k10) + amHED (1))l (6)
m=—M



and

M
Bl =3 butm(kap)e’™ (7)
m=—M
The corresponding magnetic fields are
K M .
HY' = = 3 (emTp(m1p) + am )P (1)) ™ (8)
JWHL T
and
. K9 M imd
H = - bin ), (Kop)el™ 9
ot m:Z:M (r2p) (9)

where ¢, is an excitation coefficient and a,, and b,, are unknown coefficients. By using boundary
conditions at p = r and ¢ € [0,27] the unknown coefficients can be found (tangential components of
the fields outside and inside the rod must be equal):

K1dm (ko)) (ki) — Kadm(k17)J] (Kar)
ﬂgH,(,%)(mr)J,’n(/igr) — /flJm(/igr)Hrly(zQ)(/ﬁ?")

A, =

Cm (10)

b — an;gQ)(mlr)am + k1J], (K1ir)em

(11)

In this section we consider only the plane wave as an excitation but the equations are general. For the
plane wave ¢, = 77"

In Fig. 2 the scattering characteristics for three different radiuses of the rod are presented (r =
38,2mm, r = 9,5mm and r = 2,4mm respecively; where frequency f = 5GHz and €9 = 5). In
order to determine the optimal value of M (to obtain the complete set of the function M — o0) a
brief analysis of convergence is presented. In Fig. 3 the scattering characteristics for different numbers
of basis functions is shown. Moreover, the scattered field coefficients a,, are presented in Fig. 4.
According to the results M = 15 is assumed in the subsequent part of the report.

KoJ! (Kar)

3 7 matrix

To calculate Z matrix, the domain need to be divide into two regions (I and IT) as in the Fig. 5. There
is an artificial layer at the boundary of the regions. On this layer the Z matrix can be defined as a
relation between the total electric field and the total magnetic field. The Z matrix unambiguously
defines the surrounded structure. After calculation its inside can be treated as a black box. In this
approach the fields on the layer can be written as:

M
E?t(p = R7 ¢) = Z (Cme(’%lR) + aer(r%) (RIR»ejm(b (12)
m=—M
and
Ky M '
HY(p= R, ¢) = o > (em T (51R) + am H)P (k1 R))e™ (13)
m=—M

The Z matrix can be written as a relation between the coefficients of the electric and magnetic fields
expansion in terms of eIme.

d = Ze (14)
where d nad e are vertical vectors composed of the elements (m=-M,..,M):
Ay = CmJm (K1 R) + amH'? (k1 R) (15)
_ M / /(2)
em = —(emd (k1 R) + amH, " (k1R 16
T M( (k1R) (k1R)) (16)
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Figure 2: The scattering characteristic a)r = 38,2mm b)r = 9,5mm c) r = 2,4mm
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Figure 3: The scattering characteristics for different values of M

The exact form of the impedance matrix can be found by combination of (12), (13) and (10):

Z=(HT +J)(HT + J)! (17)
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Figure 4: Coeflicients of the scattered field
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incident wave

Figure 5: Domain decomposition used in Z matrix definition

—~

diagonal matrix where co-
2 (51R), ..., HD (k1 R)) is
= diag(J' y;(k1R), ..., Jy (K1R))

where T matrix is a matrix of transformation between coefficients a,, and ¢,
efficients on the diagonal can be found using the equation (10)), H= diag(H
a diagonal matrix with Hankel function, J = diag(J_pr(k1R), ..., Jp (k1 R)),
and H = diag(H'(_QJ)\/[(mR), ...,H’S\?(mR)).

For the same cases as in the previous section the scattering characteristics are shown in Fig. 6.
The results are exactly the same as in the direct approach (see Fig 6).

H)IA

4 7 matrix estimation using FEM

The problem of scattering on any cylindrical object homogeneous in the direction of the z axis for TM
modes is described by Helmholtz equation (we also assume that there is no field variation in the z
direction):

ViE.(z,y) + k*Ex(z,y) = 0 (18)

To solve this equation, the formula have to be multiplied by testing function F'(x,y) and integrated
over the computational domain S (region I in Fig. 5).

// (2,)V2E a:yds—l—// ()2 B (2, y) ds = 0 (19)

By using Green’s theorem the equation (19) can be expressed as:

fF(a:, y)\ViE, o dl — / ViF(z,y) o ViE.(z,y) ds + / F(x,y)k*E,(2z,y) ds =0 (20)
L
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Figure 6: The scattering characteristic a) r = 38,2mm b) r = 9,5mm c¢) r = 2,4mm (solid line -
analytical results; dotted line - Z matrix is used)

where L is the boundary of the computational domain - circle of radius R (see Fig. 5) and the unit
vector 71 = i,. The dependence between E. and H; from Maxwell equation can be written as:

ViE, = —jwui, x Hy (21)
If the equation (21) and equation (20) are combined then the problem can be rewritten:

/ ViF(z,y) o ViE,(z,y) ds — // F(x,y)k*E,(z,y) ds + jwu?{F(az,y)(ZZ x H)oddl =0 (22)
S S L

It can be also written:

/ ViF(z,y) o ViE.(z,y) ds — // F(x,y)k*E.(2,y) ds — jw,ufF(x,y);Z o(x Hy)dl=0 (23)
S S L

The magnetic field can be treated as an excitation on the boundary L.

M
ﬁt: Z Imﬁtm (24)
m=—M



where (in the considered scattering problem) we assume hy,, = ejm¢z¢. Using equation (24) gives us

formula:

/VtFa:ythE x,y) ds—// (z,9)k*E.(z,y) ds— jwuz ?{ :L‘yzz (nxﬁtm)dl:O

The electric field is expressed by the basis functions

Hence

3

Z/ Vtaq]ovta‘f})ds Z\IJ // q]kz2 [q] ds—jwp Z
ld]

The equation can be written in matrix notation:

cldgld _ g2rldyld = — Bl

where
Bl [B[_@W.. Bl
f ozl zz nxht( ) dl i ozl zz nxht( M41)) dl
LNLldl LNLld
Bld — i Oz[QQ]iZ o (1 X hy_pry) dl 1l 042 zz (7 x ht( M+1y) dl
LNLld LNLldl
/ a3 17 o (7 x ht( w)dl [ 043Q]ZZ (7 x ht( M+1)) dl
LLNLla] LNLldl
and
Iy
I —771\.4+1
Iy

The equation (29) can be rewrite in global form.
CVU — k*TV = —jwuBI

or simply by
GV = —jwuBI

The electric field can be expressed by:

M
= § V:sezs
s=—M

LNLla

(25)

(26)

(27)

o(7ix foym) dl = 0 (28)

(29)

(30)

1l al zZ (1 x htM) dl|
nLld]

/ a2 zz (7 x htM) dl
LnLla

f as zz (7 x htM) dl

LALla
(31)

(32)

(35)

where we assume the basis functions as e.; = ¢/™?. By simple projection with the use of functions

T X hem We get:

M
/Ezfz o (71 X hym) dl = Y Vs/ezsfz o (7 X hym) dl (36)
L s=—M 7,




Table 2: Error of ZFEM matrix defined by Err = Z — ZFEM in function of maximal mesh edge length

hmae | max(|Err(); ;/ max[|Z]];;100% | 52

Z,] 17] max
0.003 435 8.9381
0.002 41.6 13.4071
0.001 11.4 26.8143

Then using (26)

N
S > ey / o)z o (7t x By dl = Z V/e 7, 0 (7l X hyp) dl (37)

q=1 i=1 LALldl
Finally
N T
> (Bl vl = A,V (38)
qg=1
or simply
BTw = AV (39)
From (34) we get
U = —juuG 1BI (40)

Then combining both above equations we get:
V = juuA ' BTGTIBI (41)
Finally the ZFEM matrix can be expressed as:
ZFEM — jouA*BTG'B (42)

where A is identity matrix multiplied by 27 R.

5 Hybrid method

In the presented approach finite element method and analitycal approach are combined. Using the Z
matrix, the far field can be obtained for any incident field by simple reformulation of (17).

a—_pg C—M
A_M+1 ~ ~ C—_M+1
Y = (| - ZFEME)-L(zFEMF gy | (43)
A, Cm

The result of combining analytical and finite element method (FEM) approaches are shown in Fig 7.
The characteristics well agree with the analytical result for finer meshes. In table 2 error between
analytical Z matrix and ZFEM for different meshes are collected.

6 Conclusions and further development

The proposed approach has been verified for a simple structure of circular cross section (due to exact
analytical results). However it can by applied for obstacles of any cross section shape. The numerical
tests for different structures will be performed in the near future.
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Figure 7: Characteristics for different values of maximal triangle edge length hj,q, (where X is the
wavelength inside the dielectric)



